Abstract. We explore the geometry of the Abel-Jacobi map A X from a closed, orientable Riemannian manifold X to its Jacobi torus T b1(X) . Applying M. Gromov's filling inequality to the typical fiber of A X , we prove an interpolating inequality for two flavors of shortest length invariants of loops. Our inequality is a lower bound for the total volume of X. The procedure works, provided the lift of the typical fiber is non-trivial in the homology of the maximal free abelian cover, X, classified by A X . A sufficient condition for such non-triviality is the finitedimensionality of the rational homology of X. When A X is a submersion, our "fiberwise" inequality typically gives stronger information than the filling inequality for X itself, e.g. for nilmanifolds. For 3-manifolds with first Betti number 2, a sufficient condition for our systolic inequality to hold is the non-vanishing of the Lescop invariant λ(X). This condition can be phrased in terms of the self-linking number of the typical fiber of A X , or in terms of Massey products. Our inequality applies to surface bundles over the circle, even though λ(X) vanishes for some of these bundles.
Here "lift of a typical fiber" means a fiber over a regular value of the proper map A X . The homology class of a typical fiber does not depend on the regular value. Denote by [X] = A −1 X (p) ∈ H dim(X)−b 1 (X) X; Z (1.1) the homology class of the preimage of a regular value of A X . Theorem 1.2. Let X be a closed, orientable, aspherical, smooth manifold. Assume that [X] = 0, i.e. Hypothesis 1.1 is satisfied. Then every Riemannian metric g on X satisfies sys π 1 (g) n−b stsys 1 (g) b ≤ C(n) vol n (g), (1.2)
where n = dim(X), b = b 1 (X) = dim(J 1 (X)), and C(n) is a constant depending only on n.
In addition to proving this Theorem, we investigate the condition X = 0. In Section 5 we show that finite-dimensionality of H * (X; Q) implies Hypothesis 1.1. Applying inequality (1.2), we thus obtain the following corollary. Corollary 1.3. Let X n be an aspherical, compact, oriented, smooth manifold of dimension n. Assume that the rational homology of the maximal free abelian cover of X is finite-dimensional. Then inequality (1.2) is satisfied. A key idea in the proof of Theorem 1.2 is to apply Gromov's filling inequality to the typical fiber of A X . Combined with the coarea inequality and Minkowski's inequality, this leads to our main result, cf. calculation (7.3).
When applied to nilmanifolds, our fiberwise inequality typically gives stronger information than Gromov's filling inequality for X itself. This phenomenon is illustrated by the construction of Section 3, which involves a certain contractionexpansion of the metric, see Figure 3 .1. Note that in [Gr99, 4.33 + (c)], Gromov suggests the study of inequalities similar to inequality (7.1) below (used in the proof of our theorem), for generalized Heisenberg nilmanifolds.
In dimension 3, the most interesting case is when the first Betti number equals 2, where we obtain an inequality under the condition of the nonvanishing of the Lescop invariant λ(X), or, equivalently, of a certain invariant involving Massey products, cf. Theorem 10.3. For surface bundles over the circle, our main theorem always applies, as long as b 1 (X) = 2 (see Proposition 12.2), even when λ(X) = 0 (see Example 12.4). Furthermore, our systolic inequality holds for manifolds obtained by 0-framed surgery on a non-trivial knot in S 3 , whether the knot is fibered or not (see Example 8.4), or by 0-framed surgery on a 2-component link L with zero linking number µ 1,2 , but non-zero Milnor invariantμ 1,2,1,2 (see Example 12.5).
The present work concentrates on 1-systoles. For higher-dimensional systoles, systolic inequalities are typically violated; see [BabK98, BaKS98, Fr99, KaS01, Bab02, Ka02] for recent work in this direction. For the stable systoles, the existence of inequalities depends on the presence of multiplicative relations in the cohomology ring of X [BanK03, BanK] . For an up-to-date introduction to and survey of systolic geometry, see [KaS99] and [CK03] .
Manifolds with trivial fundamental group satisfy volume lower bounds analogous to the filling inequality of Gromov [Gr83] . These bounds are in terms of lengths of based geodesic loops and stationary 1-cycles (in the sense of rectifiable currents). Such bounds are due to S. Sabourau [Sab02] and A. Nabutovsky and R. Rotman [NR02] . These bounds rely upon the filling inequality (more precisely, upon the lower bound [Gr83, Theorem 1.2.A] for the volume in terms of the filling radius), as does our theorem. Whether or not similar bounds exist in terms of the length of a shortest closed geodesic, is an open question, cf. [Gr83, p. 135].
The paper is organized as follows.
In Section 2 we discuss Gromov's inequalities. Section 3 presents an expansioncontraction procedure, so as to clarify the improvement that our inequality (1.2) brings upon the existing inequalities. Sections 4 through 7 contain the proof of Theorem 1.2. Free abelian covers and the finite-dimensionality hypothesis are discussed in Section 4. Typical fibers of Abel-Jacobi maps are studied in Section 5. A weakening of the hypothesis of asphericity is described in Section 6. The proof of inequality (1.2) is completed in Section 7.
The rest of the paper is devoted to an investigation of topological conditions guaranteeing the applicability of our main theorem, and to examples illustrating the uses of our theorem. Section 8 mentions the case b = 1 and discusses the choice of coefficients for the finite-dimensionality hypothesis. In Section 9, we apply our theorem to nilmanifolds of Heisenberg type. In Section 10, we study an invariant of 3-manifolds with Betti number 2, related to the Lescop invariant, and in Section 11 we prove Theorem 10.3. We conclude in Section 12 with the examples of surface bundles over the circle and 0-surgeries on links.
Gromov's systolic inequalities
Let X n be a closed, smooth, n-dimensional manifold.
Definition 2.1. The homotopy systole, denoted sys π 1 (g) = sys π 1 (X, g), is the length of a shortest non-contractible closed geodesic for a metric g on X.
The following theorem was proved in [Gr83, Theorem 0.1.A].
Theorem 2.2 (M. Gromov). Assume X is aspherical, or, more generally, essential, cf. Definition 6.2. Then, every Riemannian metric g on X satisfies the inequality
where C n = 6(n + 1)(n n ) (n + 1)! n .
Under a suitable assumption on the cohomology ring of X, a similar inequality holds for the stable 1-systole.
The (homology) stable 1-systole is defined similarly to Definition 2.1, in terms of the stable length (norm). Namely, let H 1 (X; Z) R denote the free Z-module obtained as the quotient of H 1 (X; Z) by its torsion subgroup. Given a homology class α ∈ H 1 (X; Z), denote by (α) the shortest length (in the metric g) of an integer 1-cycle representing α. The function i → (iα) defines a norm on H 1 (X; Z) R by setting
Definition 2.3. The stable homology 1-systole, denoted stsys 1 (g) = stsys 1 (X, g), is the least norm of a nonzero element in the lattice (H 1 (X; Z) R , ).
H. Federer [Fe74] proved that the norm on H 1 (X; Z) R is the restriction of the stable norm in H 1 (X; R) with respect to inclusion of coefficients. The stable norm in H k (X; R) for any k > 0 is the dual to the comass norm
Remark 2.4 (Finsler metrics). Note that for k = 1 we have
where the norm | | p in the vector space T * p X is dual to the Riemannian metric in T p X defined by g. The metric on H 1 (X; R) defined by the stable norm is not necessarily Riemannian. In other words, the unit ball may not be an ellipsoid. Such metrics are referred to as Finsler, cf. Theorem 7.1.
Theorem 2.5 (M. Gromov). Assume that some cup product of real 1-dimensional classes attains the top dimension n, that is, the real cup length of X is n. Then every metric satisfies stsys 1 (g) n < C n vol n (g), (2.4) with a constant C n dependent on n.
This inequality follows from the analogous equality ( * ) homol of [Gr96, 3.C.1] for the ordinary (rather than stable) homology 1-systole. An inequality similar to (2.4) is proved in [BanK03, Theorem 2.7], but with a constant dependent on the first Betti number.
Note that the cup length hypothesis is indispensable for (2.4) to be satisfied, as illustrated by the example of the Heisenberg nilmanifold (2.5). The Heisenberg group, which we will denote by Nil 3 (R), is the group of 3 × 3 upper-triangular matrices with 1's on the diagonal. The Heisenberg nilmanifold, To what extent inequality (1.2) is an improvement upon inequality (2.1) is discussed in Section 3.
Expansion-contraction procedure
The following natural family of metrics has relevance to the systolic problem. Assume that a closed, aspherical manifold X n fibers smoothly over the b-dimensional torus J 1 (X) (this hypothesis is not strictly speaking necessary; see Remark 3.1). Then the fiberwise inequality (1.2) typically provides stronger information than the filling inequality (2.1). Specifically, consider the class of metrics defined by Riemannian submersions X → J 1 (X) of unit total volume. We can shrink a given metric g = g v + g h in the fiber direction and expand in the horizontal direction, as illustrated in Figure 3 .1. We obtain a family of metrics
where the horizontal component g h depends only on the point in the torus. The length of a shortest non-contractible loop vanishes as λ → 0, since it is represented in the fiber. Therefore the filling inequality (2.1), applied to X itself, provides a very weak asymptotic bound. Meanwhile, the (stable) length of loops that are homologically nontrivial is growing proportionally to the expanding factor, and the asymptotic bound (1.2) is accurate up to a constant.
Remark 3.1 (Expansion-contraction: nonfibered case). Even if X does not fiber over J 1 (X), a family of metrics similar to (3.1) can be defined as follows. Choose a smooth map A X : X → J 1 (X). Consider the closed, zero-measure set C A X ⊂ J 1 (X) of critical values of A X . Pick a function φ with support in a neighborhood of A −1 X (C A X ) ⊂ X, and equal to 1 in a smaller neighborhood O, and set
Here we keep the background metric g fixed in O, and apply the expansion-contraction procedure outside O. So long as O is simply connected, the procedure has the desired effect on the two flavors of 1-systoles.
Remark 3.2. The product X = Σ 2 ×N ×N of a surface of genus 2 with two copies of the Heisenberg nilmanifold (2.5) is an aspherical manifold with b 1 (X) = dim(X) = 8 which violates (1.2). Thus, some condition along the lines of Hypothesis 1.1 is indispensable.
Free abelian covers and rational finite-dimensionality
Let X n be a compact, oriented, smooth, n-dimensional manifold with positive first Betti number b = b 1 (X). Let X denote the maximal free abelian cover of X, with group of deck transformations Z b . Note that the fundamental group π 1 (X) is an extension of the torsion subgroup of H 1 (X) by the commutator subgroup of π 1 (X).
Let J 1 (X) = H 1 (X; R)/H 1 (X; Z) R be the b-dimensional Jacobi torus of X. The maximal free abelian cover of X admits a classifying map A X : X → J 1 (X). The covering X → X is the pull-back along A X of the universal cover R b → J 1 (X), viewed as a principal Z b -bundle over the torus, as illustrated in the following diagram:
Up to homotopy, the map A X : X → J 1 (X) can be viewed as a (Serre) fibration, with homotopy fiber X. The map A X is only defined up to homotopy. A standard smooth representative is described as follows, cf. [Li69] .
Definition 4.1 (The Abel-Jacobi map). Fix a Riemannian metric on X. Let H be the space of harmonic 1-forms on X, with dual H * canonically identified with H 1 (X; R). By integrating an integral harmonic 1-form along paths from a basepoint x 0 ∈ X, we obtain a map to R/Z = S 1 . In order to define a map X → J 1 (X) without choosing a basis for cohomology, we argue as follows. Let x be a point in the universal cover X of X. Thus x is represented by a point of X together with a path c from x 0 to it. By integrating along c, the element x defines a linear form on H. We obtain in this fashion a map X → H * = H 1 (X; R). By passing to quotients, this map descends to the Abel-Jacobi map A X : X → J 1 (X). Since the space of Riemannian metrics is connected, this construction yields a well-defined homotopy
The stabel norm in H 1 (X, R) is invariant by the deck transformation group H 1 (X, Z) R . Thus we have a natural Finsler flat metric on J 1 (X).
Remark 4.2. The Abel-Jacobi map induces an isometry
where is the stable norm.
Let p ∈ J 1 (X) be a regular value for the map A X :
is a closed, oriented submanifold of X. Moreover, the projection q : X → X restricts to a diffeomorphism A −1
If the map A X is a smooth fibration (i.e., a submersion), then the inclusion A −1 X (p) ⊂ X admits a homotopy inverse. Hence, the homology class A −1 X (p) ∈ H n−b X; Z is nonzero and Hypothesis 1.1 is satisfied. We wish to relax the submersive hypothesis on the Abel-Jacobi map A X : X → J 1 (X), so as to verify Hypothesis 1.1 for a broader class of free abelian covers X → X. We will use instead the following hypothesis.
Hypothesis 4.3 (Finite-dimensionality). Assume that H * (X; Q) is finite dimensional as a graded vector space over Q.
The dependence of the finite-dimensionality hypothesis on the choice of coefficients for homology will be illustrated in Examples 8.4 and 8.5. We will show in Section 5 that Hypothesis 4.3 implies Hypothesis 1.1 (see also Question 4.4). In particular, the assumption of finite dimensionality of the rational homology of the free abelian cover of X implies that the map A X is surjective and that dim(X) ≥ b 1 (X).
In other words, the Abel-Jacobi map A X : X → J 1 (X) has a kind of a nonzero generalized "degree," represented by the class in X of the inverse image of a regular point ("typical fiber"), as discussed in [Gr83, p. 101].
Question 4.4. To what extent can Hypothesis 4.3 be relaxed, for instance by requiring only some of the homology groups to be finite dimensional, and still imply Hypothesis 1.1?
5. The typical fiber of the lift of the Abel-Jacobi map
The following "dual" description of the class [X] of formula (1.1) is useful. Let
be the fundamental class of J 1 (X) in cohomology with compact supports. Under Poincaré duality, this class corresponds to the canonical generator of
Lemma 5.1. The homology class [X] ∈ H n−b (X) represented by a typical fiber of A X is equal to the Poincaré dual of A *
.
Proof.
Choose an open ball B ⊂ R b such that the lift
is a trivial bundle over B. Thus we have an embedding of B × F into X such that the restriction of A X corresponds to the projection B × F → B. The statement follows from the obvious corresponding statement for the trivial fiber bundle B × F over B and the following commutative diagram
Here the left horizontal maps are induced by the projection maps, the right horizontal maps are Poincaré duality, and the vertical maps are induced by inclusion.
The nonvanishing of [X] is subsumed in the following result, which appeared in [Mi68] in the case b = 1, and in [Bar80] in the general case. In other words, if X is rationally of finite homological type, then X is a rational Poincaré duality space of formal dimension n−b. Actually, [Bar80] uses cohomology of X with local coefficients (in the group ring over the group of deck transformations), which by definition equals the cohomology of X with compact supports. Theorem 6.1 (M. Gromov). Let (W, g) be a closed Riemannian manifold with π 2 (W ) = · · · = π n (W ) = 0. Then:
We now return to the Abel-Jacobi map A X : X n → J 1 (X). When we calculate the homotopy systole of the maximal free abelian cover X, we simply limit the competing homotopy classes to those lying in the commutator subgroup (up to torsion). The metric on the cover is periodic, i.e., induced by the one on X. Hence the infimum will be attained by a noncontractible closed geodesic; in particular it will be nonzero. Similar considerations apply to the homology systoles of X. Exploiting the nontriviality of the class [X], combined with Lemma 5.1, we may apply Gromov's theorem 6.1 to the aspherical manifold W = X in dimension n − b to obtain sys π 1 (X, g)
2) The same conclusion (6.2) can be reached under a weakening of the hypothesis of asphericity in Theorem 1.2, namely the (n − b)-essentialness of X, as described below.
Definition 6.2. Let k > 0. A closed, orientable manifold X n is called k-essential if there is an aspherical space K, and a map h :
n is simply called essential. Note that this differs slightly from the definition in [Gr83] .
Proposition 6.3. Assume n − b ≥ 4. Then there is a smooth submanifold F n−b ⊂ X n such that:
(2) the induced homomorphism π 1 (F ) → π 1 (X) is injective; (3) the volume of F is increased by an arbitrarily small amount compared to the volume of the typical fiber of the lift X → R b of the Abel-Jacobi map.
Proof. When n − b ≥ 4, we can perform an ambient surgery on the fiber in the orientable manifold X, so as to remove the kernel of the induced homomorphism of the fundamental groups. We thus obtain a submanifold, F n−b ⊂ X n , and a monomorphism of fundamental groups, π 1 (F ) → π 1 (X). Surgery can be performed without significantly increasing the volume of F compared to that of the original fiber. Note that the surgery will necessarily stop before F becomes simply-connected, provided X is (n − b)-essential.
Corollary 6.4. The conclusion of Theorem 1.2 holds with the hypothesis that X is aspherical replaced with the hypothesis that X is (n−b)-essential, whenever n−b ≥ 4.
Proof. If the cover X is (n − b)-essential, then we may apply Gromov's inequality (2.1) to the fiber of (almost) least (n − b)-volume, obtaining
This inequality provides a suitably short loop in the fiber A −1 X (p). The short loop is essential in the fiber by construction, though a priori the loop may not be essential in the ambient manifold X.
Replacing A −1 X (p) by F as in Proposition 6.3, we ensure that the short loop guaranteed by (2.1) is essential in the ambient manifold, as well.
We claim F is an essential manifold. Indeed, F represents a nonzero homology class in the maximal free abelian cover X. By assumption, X is (n − b)-essential, i.e., its (n − b)-homology injects into that of an aspherical space K. Hence the fundamental class [F ] is sent to a nonzero class in H n−b (K), thus proving the claim.
We now invoke Gromov's filling inequality (2.1) (and not its generalization, (6.1), from [Gr96] ), in order to find a short essential loop in F . Thus, a lower bound for the volume of F in terms of the length of an essential loop in F implies a lower bound for the minimal volume of the fiber in terms of an essential loop in X, and the argument of Section 7 applies.
Remark 6.5. In the proof above, we need to address the potential problem with representability of homology classes by submanifolds. Strictly speaking, what we denote by min vol n−b ([X]) in (6.3) is the infimum over representing submanifolds, rather than arbitrary cycles. Therefore we also need Gromov's theorem 7.1 below in terms of that potentially larger infimum. However, the method of proof of 7.1, based on the coarea inequality, clearly implies the slightly stronger statement.
Coarea formula and interpolating systolic inequalities
Let A X : X → J 1 (X) be the Abel-Jacobi map of Definition 4. 
Applying successively the filling inequality (6.2) to the nonzero class represented by A −1 X (p), then Remark 4.2 to X, the Minkowski inequality (7.2) to J 1 (X), and the coarea inequality (7.1) to X, we find:
where the constant C(n) varies from line to line but only depends on n. This completes the proof of Theorem 1.2.
Example: Manifolds with unit first Betti number
To illustrate the techniques and results from the previous sections, we mention some concrete examples, starting with the case b = 1.
Proposition 8.1. Let X be a compact, orientable, aspherical, smooth n-manifold with b 1 (X) = 1. Then every Riemannian metric g on X satisfies the inequality
Proof. A generator of H 1 (X; Z) = Z is represented by a smooth map to the circle. A typical fiber of such a map represents a nonzero class already in H n−1 (X; Z) by Poincaré duality. Thus, Hypothesis 1.1 is satisfied, and we apply Theorem 1.2.
Remark 8.2 (Essentialness assumption). Let n ≥ 5. The asphericity assumption in the above Proposition can be relaxed to (n − 1)-essentialness, cf. Definition 6.2. In this case, inequality (8.1) can also be deduced from a result of J. Hebda [He86,  Theorem A], where one may choose the constant C(n) = C n−1 of inequality (2.1).
Example 8.3 (Charlap-Vasquez flat manifolds). A class of flat manifolds with unit first Betti number is described in [CV65] . For each odd prime n, there is a compact, orientable, flat (hence aspherical) manifold X n with holonomy group Z n , and with H 1 (X n ; Z) = Z ⊕ Z n . Thus (X, g) satisfies inequality (8.1). Note that by [CV65, Proposition 3.1], the Abel-Jacobi map A X : X → S 1 is a smooth fibration, with fiber an (n − 1)-torus.
We now adapt an example of J. Milnor [Mi68] , to show that Hypothesis 4.3 does depend on the choice of coefficients for homology.
Example 8.4 (Zero-framed surgery on a knot). Let K be a knot in S 3 , with exterior
Let M K be the closed 3-manifold obtained by performing 0-framed surgery on K, i.e, by sewing a solid torus S 1 × D 2 to X, so that the meridian of the solid torus goes to the longitude of the knot. Clearly,
The infinite cyclic cover of M K decomposes as
, where ∆(t) is the Alexander polynomial of the knot, cf. [Mi68] . Hence, H 1 (M K ; Q) = Q deg ∆(t) . On the other hand, if ∆(t) is not a monic polynomial, then H 1 (M K ; Z) is not finitely generated (as a Z-module).
Example 8.5 (The 5 2 knot). Continuing with the previous example, let us now take K to be the 5 2 knot, with Alexander polynomial ∆(t) = 2t
] 2 is a torsion-free group in which every element is divisible by 2, and hence not finitely generated. In this case, J 1 (M 5 2 ) = S 1 , but the Abel-Jacobi map A M 5 2 : M 5 2 → S 1 is not a submersion. For otherwise, M 5 2 would be equal to A
1 (the mapping torus of the monodromy diffeomorphism), and so the characteristic polynomial det(id −h * ) = ∆(t) would be monic (see e.g. [Mi68] ). A typical fiber A −1 M 5 2 (p) (equal to a closed-up Seifert surface for the knot) represents a non-zero class in H 2 (M 5 2 ; Q), dual to the nontrivial 1-cycle.
Remark 8.6. If Hypothesis 1.1 is satisfied for two manifolds, then it is also satisfied for their product. For example, take the Cartesian product of the manifold above with the Heisenberg manifold, X = M 5 2 × N . Then X is an aspherical manifold which does not fiber over the Jacobi 3-torus J 1 (X), while the typical fiber of the Abel-Jacobi map A X : X → J 1 (X) is a boundary in X, because of the nilmanifold factor. Thus the general reasoning of Proposition 8.1 cannot be applied here.
Example: Heisenberg nilmanifold and its generalizations
In this section we consider a class of manifolds modeled on groups of unipotent matrices. A nilmanifold is a compact quotient of a simply-connected, nilpotent, Lie group by a discrete subgroup. Note that our hypothesis of asphericity is clearly satisfied for all nilmanifolds. Moreover, nilmanifolds are parallelizable, and thus, orientable.
Example 9.1 (Three-dimensional nilmanifolds). In dimension 3, all nilmanifolds (besides T 3 ) are quotients of the Heisenberg group Nil 3 (R) by a subgroup of the form Nil 3 (kZ), for some positive integer k:
where Nil 3 (kZ) consists of those unipotent matrices whose above-diagonal entries are integers divisible by k. Note that N 1 = N is the Heisenberg manifold (2.5). Moreover, the first three nilmanifolds in the sequence (9.1) are Brieskorn manifolds: The projection onto the near-diagonal, p :
, is a smooth fibration, with fiber S 1 , and Euler class equal to k times a generator of H 2 (T 2 ; Z). By the Gysin sequence, we have H 1 (N k ) = Z 2 ⊕ Z k , and so p is homotopic to the Abel-Jacobi map.
Example 9.2 (Generalized Heisenberg manifolds). Two kinds of higher-dimensional analogues of the Heisenberg nilmanifold have been considered in [San83] and [CFL85] , respectively.
Consider the Lie algebra with basis {x 1 , . . . , x n , y 1 , . . . , y n , z} and non-zero brackets [x i , y i ] = z. Taking the quotient of the corresponding group of upper-triangular matrices by the subgroup of integral matrices produces a nilmanifold X 2n+1 , which fibers over T 2n , with fiber S 1 . In this case, inequality (1.2) takes the following form:
The Lie algebra with basis {x 1 , . . . , x n , y 1 , . . . , y n , z} and non-zero brackets [x i , z] = y i gives rise as above to a nilmanifold Y 2n+1 , which fibers over T n+1 , with fiber
Three-manifold invariants and systolic inequalities
Among closed, orientable surfaces, our theorem applies only to the torus. In the latter case, our inequality is a weak (non-sharp) form of Loewner's inequality, cf. [Pu52] or [CK03, inequality (2.3)]. For closed, orientable 3-manifolds, Remark 1.4 accounts for all possible Betti numbers except b 1 (X) = 2. In the latter case, we now give a nonvanishing condition which implies a rational analogue of Hypothesis 1.1. C. Lescop [Le96] generalized the Casson-Walker invariant of rational homology 3-spheres to an invariant λ(X) for an arbitrary closed, oriented 3-manifold X. The invariant satisfies a kind of additivity under connected sum, weighted by the order of the first homology over Z, see [Le96, p. 13, formula T4] and also [Kr02] .
In the case when b 1 (X) = 2, the Lescop invariant can be expressed in terms of the self-linking number of the typical fiber γ of the Abel-Jacobi map A X : X → T 2 :
where γ is a nearby fiber, see [Co90] and [Le96, p. 14].
We shall connect the Lescop invariant to Massey products in formula (10.3) and Remark 10.4. But first, let us mention several other interpretations, in particular cases.
As is well-known, Massey products in a link complement can be computed from the Milnorμ-invariants of the link, see [Tu76, Po80] . Now, if the manifold X is obtained by 0-surgery on a 2-component link L with zero linking number, then λ(X) can be computed fromμ 1,2,1,2 (L), see [HB00] and Example 12.5.
If the manifold X is Seifert fibered, then lk X (γ, γ ) = 1/e, where e is the orbifold Euler number, see [Le96, p. 97, 102] . In particular, λ(N k ) = ±1 for the nilmanifolds N k of Example 9.1.
Let X 3 be a 3-manifold with b 1 (X) = 2, and let {x, y} ⊂ H 1 (X; Z) be an integral basis. By skew-commutativity of cup product,
Hence, by Poincaré duality, x ∪ y ∈ H 2 (X; Z) is a torsion class, and so the triple Massey product x, y, x ⊂ H 2 (X; R) is non-empty. We define the class θ(X) ∈ H 3 (X; R) as the cup product of the Massey product x, y, x with y:
Lemma 10.1. The class θ(X) is well-defined.
Proof. Letx andȳ be closed 1-forms representing x R and y R , and choose a 1-form α satisfying dα =x R ∧ȳ R . Then the product x, y, x ∪ y = 2[α ∧x] ∪ y is independent of the choice of α in view of (10.2). Moreover, the bilinear form q(x, y) on H . . , u k ∈ H 1 (X; Z) with k ≤ m), as follows:
Our invariant θ(X) is, up to sign, a real analogue of this form (for m = 1). Note though that we do not require all cup products among 1-dimensional classes to vanish. Instead, as seen above, their vanishing over the reals is guaranteed by the condition b 1 (X) = 2, and this is what makes the definition possible.
Theorem 10.3. Let X be a closed, orientable 3-manifold with b 1 (X) = 2, and let θ(X) ∈ H 3 dR (X) be the de Rham cohomology class defined by formula (10.3). If [X] R = 0 ∈ H 1 (X, R), then θ(X) = 0.
We will see in Example 12.4 that the converse is not true.
Remark 10.4. By duality, the number X θ(X) obviously coincides with twice the self-linking number of the typical fiber of A X . Thus, θ(X) = 0 if and only if λ(X) = 0. Note that the nonvanishing of the Massey product itself, x, y, x , is not enough to guarantee the surjectivity we need. Only the linking number combination x, y, x ∪ y is.
The proof of the theorem appears in the next section, cf. identity (11.4). Combining this result with Theorem 1.2, we obtain the following corollary.
Corollary 10.5. Let X 3 be an aspherical, compact, oriented, smooth 3-manifold. Suppose one of the following conditions is satisfied:
(1) b 1 (X) ≤ 1; (2) b 1 (X) = 2 and θ(X) = 0, i.e., ∃ x, y ∈ H 1 (X) such that x, y, x ∪ y = 0; (3) b 1 (X) = 3 and cuplen(X) = 3, i.e., ∃ x, y, z ∈ H 1 (X) such that x ∪ y ∪ z = 0.
Then, for every metric g on X, inequality (1.2) holds:
where b = b 1 (X) and C is a numerical constant.
Massey products and typical fibers in abelian covers
Let T 2 be the 2-torus, equipped with the standard cell structure with one 0-cell, two 1-cells and one 2-cell. Identify the group ring of π 1 (T 2 ) = Z 2 with the ring of Laurent polynomials Λ Z = Z[t, t −1 , s, s −1 ], and let Λ = Λ Z ⊗ R. The augmented cellular chain complex of T 2 with coefficients in Λ is:
where ∂ 2 (1) = (s − 1, 1 − t), ∂ 1 (1, 0) = 1 − t and ∂ 1 (0, 1) = 1 − s. Since T 2 is aspherical, this chain complex is a free resolution of R over Λ. Thus, (11.1) splits into two exact sequences,
where I = ker( ) is the augmentation ideal. Now let X be a closed, oriented 3-manifold with b 1 (X) = 2. We use the classifying map A X : X → T 2 for the free abelian cover X to pull the coefficients on T 2 back to X. Splicing the long exact sequences induced from the two coefficient sequences in (11.2), we obtain the commuting diagram
Theorem 10.3 now follows from the proposition below.
Proposition 11.1. In a 3-manifold with first Betti number 2, the typical fiber and the invariant θ(X) of (10.3) are related as follows:
where c is nonzero.
Example: Nonfibered 3-manifolds with Betti number two
We conclude our discussion of the main Theorem and its consequences with several examples of 3-manifolds with b 1 = 2 for which the Abel-Jacobi map is not a smooth fibration.
Example 12.1 (Surface bundles over S 1 ). Let Σ g be a compact, orientable surface of genus g ≥ 1, and let ϕ : Σ g → Σ g be an orientation-preserving diffeomorphism. The mapping torus M (ϕ) = Σ g × ϕ S 1 fibers over S 1 , with monodromy ϕ. Thus, M (ϕ) is a closed, orientable, aspherical 3-manifold. By the Wang sequence, H 1 (M (ϕ)) = coker(ϕ * − id) ⊕ Z, where ϕ * is the induced map on H 1 (Σ g ; Z) .
The intersection form on Σ g is the orthogonal sum of g copies of the hyperbolic form H = 
Proof. We only need to verify the non-vanishing of the homology class of the fiber. Let Σ g be the total space of the Z-covering over Σ g classified by the map γ : Σ g → S 1 , for which the corresponding class in H 1 (M (ϕ)) is Kronecker dual to a primitive element in coker(ϕ * − id). Consider the following diagram:
12.2)
We see that the inclusion Σ g → M (ϕ) lifts to a homotopy equivalence Σ g → M (ϕ), under which the the typical fibers ofγ (the lift of γ) and A M (ϕ) (the lift of A M (ϕ) ), correspond. Now, since the map γ : Σ → S 1 is non-trivial in homology, the typical fiber ofγ is non-trivial in H 1 ( Σ g ). Hence, [M (ϕ)] is non-trivial, too.
Remark 12.3. If g = 1, the manifold M (ϕ) is diffeomorphic to one of the nilmanifolds N k from Example 9.1. Thus, M (ϕ) is homotopic to S 1 , and Corollary 1.3 also applies.
If g > 1, the rational homology of M (ϕ) is not finite dimensional, implying that the Abel-Jacobi map M (ϕ) → T 2 is not a fiber bundle. It is thus natural to ask whether Hypothesis 1.1 can also be verified by using one of our other criteria. Since H * (M (ϕ); Q) is not finite dimensional, we cannot apply Corollary 1.3. The following example shows that, in general, Theorem 10.3 cannot be applied, either.
Example 12.4. The intersection form on Σ 2 is β = H ⊕ H, where H is the hyperbolic plane described above. Let ϕ : Σ 2 → Σ 2 be a diffeomorphism for which the induced map ϕ * : H 1 (Σ 2 ) → H 1 (Σ 2 ), in the standard basis {e 1 , f 1 , e 2 , f 2 } for β, is given by the matrix 
we compute H 1 (M ) = Z 2 . Pick a basis {x, y} so that x = δ 0 (1) and j * (y) is Kronecker dual to f 1 . Clearly, x ∪ y = 0 ∈ H 2 (M ). Now note that (A − id)(f 2 ) = −f 1 . Thus x, y, x = cδ 1 (z), where z is Kronecker dual to f 2 , and c is a constant. For example, take L to be the k-twisted Whitehead link, k > 1. Using Kirby calculus, one can check that M L is a Seifert fibered manifold over the torus, with one exceptional fiber of type (k, 1); hence, M L is aspherical. This example is interesting, since the Abel-Jacobi map A M L : M L → T 2 is not a submersion. Nevertheless, µ 1,2,1,2 (L) = 2k (cf. [Po80, Example 1]), and so we have, cf. formula (11.4):
(12.6)
